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First kind Cauchy integral
equationAbstract In this paper, a novel scheme is proposed to solve the first kind Cauchy integral equation
over a finite interval. For this purpose, the regularization method is considered. Then, the colloca-
tion method with Fibonacci base function is applied to solve the obtained second kind singular inte-
gral equation. Also, the error estimate of the proposed scheme is discussed. Finally, some sample
Cauchy integral equations stem from the theory of airfoils in fluid mechanics are presented and
solved to illustrate the importance and applicability of the given algorithm. The tables in the exam-
ples show the efficiency of the method.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The theory of Cauchy integral equations has important
applications in the mathematical modeling of many scientific
fields such as solid mechanics, electrodynamics and elasticity
[14].
Many different methods have been developed to evaluate
the approximate solution of this integral equation. Kim in
[7] solved Cauchy singular integral equations by using Gaus-
sian quadrature and considered the zeros of Chebyshev poly-
nomials of the first and second kinds as the collocationpoints. Srivastav and Zhang in [17] used general quadrature-
collocation nodes to solve Cauchy singular integral equation.
Eshkuvatov et al. [4] discussed about the efficient approximate
method to solve the characteristic equation of first kind Cau-
chy integral equation using the zeros of Chebyshev polynomi-
als of the first, second, third, and fourth kinds with their
corresponding weight functions.
In recent year, Fibonacci-collocation method has been
applied in different works. Mirzaee et al. in [12,13] used this
method for solving systems of linear Fredholm integro-
differential equations and Fredholm–Volterra integral
equations in two-dimensional spaces. Also, Koc et al. in [8] for
solving boundary value problems and Kurt et al. in [9] solved
high order linear Fredholm integro-differential-difference
equations by using this method.
The regularization method was established independently
by Tikhonov [18,19] and Phillips [15]. This method consists
of transforming first kind integral equations to second kind
equations. Also, Wazwaz in [21] and Delves in [2] used
this method for solving Fredholm and Volterra integral
equations of the first kind. In [1], Bougoffa et al. applied then Shams
2 M.A.F. Araghi, S. Noeiaghdamregularization method with parameter  to solve a given
Cauchy integral equations of the first kind.
In this work, by combining the regularization method with
the parameter  ¼ 1 and Fibonacci-collocation method, a new
applicable method is presented to solve a Cauchy singular
integral equation of the first kind which is nominated by
Fibonacci-regularization method.
This paper is organized as follows: At first, in Section 2,
some preliminaries are reminded such as the Fibonacci polyno-
mials and Cauchy integral equations, and then in Section 3, by
combining Fibonacci polynomials with regularization method
a new efficient method is constructed for solving the Cauchy
integral equations of the first kind. In Section 4, the error anal-
ysis of the proposed method is discussed and in the sequel in
Section 5 by solving some examples, we show the accuracy
of the proposed scheme. The conclusions are determined in
Section 6.
2. Preliminaries
2.1. Cauchy integral equations






Kðx; tÞuðtÞdt ¼ fðxÞ; 1 < x < 1;
ð1Þ
where K0ðx; tÞ; Kðx; tÞ and fðxÞ are given real valued functions
belonging to the Holder class and uðtÞ is unknown. If in Eq.
(1), K0ðx; tÞ ¼ 1 and Kðx; tÞ ¼ 0 thenZ 1
1
uðtÞ
t x dt ¼ fðxÞ; 1 < x < 1; ð2Þ
which is called the characteristic singular integral equation.
It is well known that the analytical solutions of Eq. (2), in
the following four cases, can be determined [4,10]:
Case (I): The solution is unbounded at both end-points
x ¼ 1,





































p dt ¼ 0:
Case (III): The solution is bounded at the point x ¼ 1,
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t x dt:2.2. The Fibonacci polynomials and their properties
Leonardo of Pisa also known as Leonardus Pisanus, or, most
commonly, Fibonacci (from filius Bonacci), was an Italian
mathematician of the 13th century. Fibonacci is the best
known to the modern world for the spreading of the
Hindu–Arabic numerical system in Europe, primarily
through the publication in 1202 of his Liber Abaci (Book
of Calculation), and for a number sequence named the Fibo-
nacci numbers after him, which he did not discover but used
as an example in the Liber Abaci. In Fibonacci’s Liber Abaci
book, chapter 12, he posed, and solved, a problem involving
the growth of a population of rabbits based on idealized
assumptions. The solution, generation by generation, was a
sequence of numbers later known as Fibonacci numbers.
The number sequence was known to Indian mathematicians
as early as the 6th century, but it was Fibonaccis Liber Abaci
that introduced it to the West. In the Fibonacci sequence of
numbers, each number is the sum of the previous two num-
bers, starting with 0 and 1. This sequence begins
0; 1; 2; 3; 5; . . . [6,13].
Definition 1. For any positive real number k, the k-Fibonacci
sequence, say fFk;ngn2N is defined recurrently by
Fk;nþ1 ¼ kFk;n þ Fk;n1; nP 1;
with initial conditions
Fk;0 ¼ 0; Fk;1 ¼ 1:
Particular cases of the k-Fibonacci sequence are con-
structed from the following relations
if k ¼ 1, the classical Fibonacci sequence is obtained:
F0 ¼ 0; F1 ¼ 1; Fnþ1 ¼ Fn þ Fn1; nP 1;
if k ¼ 2, the Pell sequence appears:
P0 ¼ 0; P1 ¼ 1; Pnþ1 ¼ 2Pn þ Pn1; nP 1;
if k ¼ 3, the following sequence appears:
H0 ¼ 0; H1 ¼ 1; Hnþ1 ¼ 3Hn þHn1; nP 1:
If k be a real variable x then Fk;n ¼ Fx;n and they
correspond to the Fibonacci polynomials defined by
Fnþ1ðxÞ ¼
1; n ¼ 0;
x; n ¼ 1;
xFnðxÞ þ Fn1ðxÞ n > 1;
8><
>:
from where the first five Fibonacci polynomials are
F1ðxÞ ¼ 1;
F2ðxÞ ¼ x;
F3ðxÞ ¼ x2 þ 1;
F4ðxÞ ¼ x3 þ 2x;
F5ðxÞ ¼ x4 þ 3x2 þ 1;tion method for solving Cauchy integral equations of the first kind, Ain Shams











c denotes the greatest integer in n
2
.
Note that F2nð0Þ ¼ 0 and x ¼ 0 is the only real root, while
F2nþ1ð0Þ ¼ 1 with no real roots. Also for x ¼ k 2 N we obtain
the elements of the k-Fibonacci sequences [5].
3. Main idea







t x dt ¼ fðxÞ; 1 6 x 6 1: ð3Þ
The functions uðtÞ; wðtÞ
tx and fðxÞ are assumed to be continuous.
Now, a new technique could be used in order to transform
integral equations such as Eq. (3) into the second kind integral







t x uðtÞ  uðxÞ þ uðxÞ½ dt ¼ fðxÞ; 1 6 x 6 1: ð4Þ












t x uðtÞ  uðxÞ½ dt: ð5Þ
Consequently,





t x uðtÞ  uðxÞ½ dt; ð6Þ




tx dt and gðxÞ ¼ fðxÞvðxÞ.
Tikhonov [18,19], Phillips [15] and Wazwaz [21] proved that
the solution uðxÞ of Eq. (6) converges to the solution uðxÞ of





cnFnðxÞ ¼ CFðxÞ; ð7Þ
where cn; n ¼ 1; 2; . . . ;Nþ 1 are the unknown Fibonacci
coefficients,
C ¼ c1 c2 . . . cNþ1½ T;
and FnðxÞ for n ¼ 1; 2; . . . ;Nþ 1 are Fibonacci polynomials,
F ¼ F1 F2 . . . FNþ1½ :
Now in order to solve Eq. (6) we choose the suitable colloca-
tion points.
si ¼ aþ b a
Nþ 1
 
i; i ¼ 1; 2; . . . ;Nþ 1;
and in the special case, for a ¼ 1; b ¼ 1
si ¼ 1þ 2
Nþ 1
 
i; i ¼ 1; 2; . . . ;Nþ 1:
Now, we find Fibonacci coefficients ci introduced in matrix
form mentioned in Eq. (7). By substituting (7) in (6) for x ¼ si
we have,Please cite this article in press as: Araghi MAF, Noeiaghdam S, Fibonacci-regulariza













vðsiÞ ; i ¼ 1; 2; . . . ;Nþ 1:
Then, Eq. (8) can be written in the matrix form as follows














































By solving system (9) and determining unknowns C and substi-
tuting them in Eq. (7), the approximate solution of Eq. (3) is
obtained.
4. Error analysis
Assume that ðC½C; k  kÞ is the Banach space of all continuous




Furthermore, we denote the error by
eNþ1ðxÞ ¼ juNþ1ðxÞ  uðxÞj; ð11Þ
where uðxÞ; uNþ1ðxÞ show the exact and approximate solu-
tions of the Cauchy integral Eq. (6), respectively.
For an error estimation of the approximation solution of
Eq. (6), we consider






Kðx; tÞ uNþ1ðtÞ  uNþ1ðxÞ
 
dt; ð12Þ




















t x dt ¼ 1;
ortion method for solving Cauchy integral equations of the first kind, Ain Shams









t x dt ¼ 1:
Therefore, if max jKðx; tÞj 6M then
krNþ1ðxÞk 6 keNþ1ðxÞk þMkeNþ1ðtÞ þ eNþ1ðxÞk
6 ð1þMÞkeNþ1ðxÞk þMkeNþ1ðtÞk;
then rNþ1ðxÞ is bounded for 1 6 x; t 6 1.
We note that the Fibonacci polynomials can be expressed in
terms of some orthogonal polynomials, such as Chebyshev
polynomial unðxÞ of second kind [16]. It can be shown that




where i2 ¼ 1; nP 0.
Therefore, expansion of uðxÞ in the approximated form of





where bn can be expressed in terms of cn.
5. Numerical illustrations
In this section, some integral equations of Cauchy type are
solved by applying the Fibonacci-regularization method.
These problems appeared in the theory of airfoils in fluid
mechanics [1,3,11,20]. The programs have been provided by
Mathematica 8.













; fðxÞ ¼ xþ 1:
and exact solution is
uðxÞ ¼ x:
Now by using the regularization method, we transform the
first kind Cauchy integral Eq. (13) to integral equation of the
second kind. By using the following algorithm we have:
Algorithm.









t x uðtÞ  uðxÞ þ uðxÞ½ dt ¼ xþ 1;
 1 6 x 6 1: ð14Þ
2. Transform the first kind integral equation to the second kind
as follows:lease cite this article in press as: Araghi MAF, Noeiaghdam S, Fibonacci-regularizat

















t x uðtÞ  uðxÞ½ dt: ð15Þ














1 ¼ x 1:
ð16Þ









t x CFðtÞ  CFðxÞ½ dt ¼ x 1: ð17Þ









t si FðtÞ  FðsiÞ½ dt ¼ si  1: ð18Þ
6. Construct matrix form of Eq. (18) for N ¼ 4 and solve the
obtained system













0 1 1:1 3:16 4:371
0 1 0:7 2:64 2:603
0 1 0:3 2:44 1:187
0 1 0:1 2:56 0:261







1 0:6 1:36 1:416 2:2096
1 0:2 1:04 0:408 1:1216
1 0:2 1:04 0:408 1:1216
1 0:6 1:36 1:416 2:2096






7. Determine unknowns C and calculate ðNþ 1Þ-th
approximateion meu5ðxÞ ¼ 1:11022 1015 þ x 1:39501 1015ð1þ x2
 7:22801 1017xð2þ x2Þ þ 3:61401
 1016ð1þ 3x2 þ x4Þ: ð20Þthod for solving Cauchy integral equations of the first kind, Ain Shams
Table 1 Numerical results of Example 1 for N ¼ 2; 4; 6.
x Exact e3 ¼ juðxÞ  u3ðxÞj e5 ¼ juðxÞ  u5ðxÞj e7 ¼ juðxÞ  u7ðxÞj
1 1 4:440892 1016 2:220446 1016 1:332267 1017
0.8 0.8 4:440892 1016 0 2:220446 1017
0.6 0.6 2:220446 1016 0 4:440892 1017
0.4 0.4 1:665334 1016 1:110223 1016 2:220446 1017
0.2 0.2 8:326672 1017 1:110223 1016 2:775557 1018
0.0 0.0 2:775557 1017 7:661695 1017 4:914869 1018
0.2 0.2 2:775557 1017 5:551115 1017 5:551115 1018
0.4 0.4 5:551115 1017 0 5:551115 1018
0.6 0.6 0 0 0
0.8 0.8 0 1:110223 1016 1:110223 1017
1 1 0 0 2:220446 1017
Table 2 The maximum error of Example 1.
N ¼ 2 N ¼ 4 N ¼ 6
4:440892 1016 2:220446 1016 4:440892 1017
Table 4 The maximum error of Example 2.
N ¼ 2 N ¼ 4 N ¼ 6
4:440892 1015 1:776356 1015 5:329070 1016
Fibonacci-regularization method for solving Cauchy integral equations 5In Table 1, we compare the results obtained from the
present method for different values of N and x. Also, we
present the maximum error for N ¼ 2; 4; 6 in Table 2. It is
seen that when N increases, the errors decrease.
Example 2. Consider the Cauchy type singular integral equa-


















are the airfoil polynomials of first order and the exact solution
to this equation uðxÞ is expressed in terms of the airfoil
polynomials of the second kind un, that is uðxÞ ¼ unðxÞ,
whereTable 3 Numerical results of Example 2 for N ¼ 2; 4; 6.





0.2 0.44 2:22446 1015
0.0 1 1:110223 1015
0.2 1.24 2:220446 1015
0.4 1.16 2:220446 1015
0.6 0.76 4:440892 1015
0.8 0.04 4:440892 1015
1 1 0
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If we choose n ¼ 2, then
t2ðxÞ ¼ 1 2xþ 4x2:
Thus, the exact solution to this equation is given by
uðxÞ ¼ u2ðxÞ ¼ 1þ 2xþ 4x2:
Let N ¼ 4. Based on the mentioned algorithm, we obtain
the approximate solution of the problem by the Fibonacci
polynomials as follows,
u5ðxÞ ¼ 5þ 2xþ 4ð1þ x2Þ þ 5:78241 1016xð2þ x2Þ
þ 2:89121 1015ð1þ 3x2 þ x4Þ:
The errors are shown for different values of N and x in Table 3.
Also we present the maximum error forN ¼ 2; 4; 6 in Table 4.
Example 3. Consider the following Cauchy integral equation
of the first kind [1]e5 ¼ juðxÞ  u5ðxÞj e7 ¼ juðxÞ  u7ðxÞj
8:881784 1016 5:329070 1016
8:881784 1016 1:332267 1016
1:776356 1015 8:881784 1017
4:996003 1016 6:106226 1017
1:554312 1015 6:661338 1017
1:221245 1015 4:440892 1017
6:661338 1016 2:220446 1017
1:776356 1015 1:110223 1016
1:776356 1015 8:881784 1017
8:881784 1016 4:440892 1017
4:440892 1016 1:776356 1016
tion method for solving Cauchy integral equations of the first kind, Ain Shams
Table 5 Numerical results of Example 4 for N ¼ 3; 4; 5.
x Exact e4 ¼ juðxÞ  u4ðxÞj e5 ¼ juðxÞ  u5ðxÞj e6 ¼ juðxÞ  u6ðxÞj
1 7 0 0 1:776356 1016
0.8 6.272 0 0 3:552713 1016
0.6 5.656 4:440892 1014 1:332267 1015 3:996802 1016
0.4 5.104 0 1:776356 1015 3:552713 1016
0.2 4.568 3:330669 1014 2:109423 1015 3:885780 1016
0.0 4 1:665334 1014 1:609823 1015 4:274358 1016
0.2 3.352 3:330669 1014 1:887379 1015 4:551914 1016
0.4 2.576 4:440892 1014 2:220446 1015 5:773159 1016
0.6 1.624 4:440892 1014 4:884981 1015 1:021405 1015
0.8 0.448 4:440892 1014 9:325873 1015 2:176037 1015
1 1 0 1:776356 1014 4:796163 1015
Table 6 The maximum error of Example 4.
N ¼ 3 N ¼ 4 N ¼ 5
4:440892 1014 1:776356 1014 4:796163 1015









t x dt ¼ 1þ 2x; 1 6 x 6 1;
with the exact solution











t x dt ¼ 1; 1 6 x 6 1:
Let N ¼ 4. We obtain the approximate solution of the
problem by the Fibonacci polynomials as follows,
u5ðxÞ ¼ 2x 1:
Therefore this solution for N ¼ 4 is exact.










t x dt ¼ x
3 þ 5
2
xþ 7; 1 6 x 6 1;
with the exact solution
uðxÞ ¼ x3  x2 þ 3xþ 4:Table 7 Numerical results of Example 5 for N ¼ 9; 14; 19.
x Exact u10ðxÞ e10 ¼ juðxÞ  u10ðxÞj u15ðxÞ
1 0.5 0.553544 0.053544 0.47150
0.8 0.609756 0.615298 0.005542 0.60765
0.6 0.735294 0.737942 0.002647 0.73427
0.4 0.862069 0.863806 0.001736 0.86139
0.2 0.961538 0.962832 0.001293 0.96103
0.0 1 1.00103 0.001030 0.99959
0.2 0.961538 0.962395 0.000856 0.96120
0.4 0.862069 0.862801 0.000732 0.86178
0.6 0.735294 0.735934 0.000639 0.73504
0.8 0.609756 0.610324 0.000567 0.60953
1 0.5 0.500515 0:000515 0.49979
Please cite this article in press as: Araghi MAF, Noeiaghdam S, Fibonacci-regulariza
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the following approximate solution is computed.
u5ðxÞ ¼ 5þ x ð1þ x2Þ þ xð2þ x2Þ þ 7:95082 1015ð1
þ 3x2 þ x4Þ:
The results are determined for different values of N and x in
Table 5. Also, we present the maximum error for
N ¼ 3; 4; 5 in Table 6. It is seen that by increasing N, the
errors decrease.

















1þ x2p ; 1 6 x 6 1;
with the exact solution
uðxÞ ¼ 1
1þ x2 :
Let N ¼ 19 in Eq. (7). By using the presented method, the fol-
lowing approximate solution is obtained.
u20ðxÞ ¼ 52:3142þ 4:2906x 78:7402ð1þ x2Þ
 6:27294xð2þ x2Þ  . . . :
Absolute errors of the proposed procedure at the grid points,
for N ¼ 9; 14; 19, are tabulated in Table 7. Table 8 gives
the comparison of the results of the maximum error obtained
by the present method for different values of N. It is seen that
by increasing N, the errors decrease.e15 ¼ juðxÞ  u15ðxÞj u20ðxÞ e20 ¼ juðxÞ  u20ðxÞj
4 0.028495 0.499296 0.000704
4 0.002101 0.609689 0.000067
1 0.001023 0.735261 0.000033
3 0.000675 0.862047 0.000022
4 0.000504 0.961521 0.000017
8 0.000402 0.999986 0.000014
4 0.000334 0.961526 0.000012
3 0.000286 0.862058 0.000011
4 0.000250 0.735283 0.000011
4 0.000222 0.609743 0.000013
8 0:000201 0.500104 0:000103
tion method for solving Cauchy integral equations of the first kind, Ain Shams
Table 8 The maximum error of Example 5.
N ¼ 9 N ¼ 14 N ¼ 19
0.053544 0.028495 0.000704
Fibonacci-regularization method for solving Cauchy integral equations 76. Conclusions
In this paper, we used a new efficient scheme based on the
regularization method and Fibonacci-collocation method to
solve Cauchy integral equations of the first kind. By combining
Fibonacci polynomials and regularization method, Fibonacci-
regularization method was constructed.
In this method, by using regularization method, we
transformed Cauchy integral equations of the first kind to
the second kind. Then, by using Fibonacci polynomials as base
functions and choosing suitable collocation points, we estab-
lished a system of equations. By solving the obtained system,
we calculated the approximate solutions. Illustrative examples
were solved to demonstrate the validity and applicability of the
proposed method.
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